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Heat conduction of a real quasi-one-dimensional material, the finite length carbon nanowire inserted into the
single-walled carbon nanotubesSWNTd, has been studied by the molecular dynamical method, in which both
of the longitudinal as well as transverse motions of the chain atoms in the SWNT have been permitted. It is
found that the thermal conductivityk of the carbon nanowire is very high at room temperature and diverges
more likely with the chain length logarithmically.
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I. INTRODUCTION

When a small temperature gradient exists between two
boundaries of a material, it is expected that heat will be
transported through the material, which usually obeys Fouri-
er’s law of conductions jW=−k¹Td, a well-known fact in

three-dimensional systems, wherejW is the heat amount flow-
ing through a unit surface per unit time,¹T is the gradient of
the temperature field over the material, andk is defined as
the thermal conductivity. It is not clear, however, whether
Fourier’s law is still correct in the lowersone- or two-d di-
mensional systems, which stimulated a great interest in the
past several years. It has been shown1–14 that heat conduction
exhibits anomalous behavior in some one-dimensional sys-
tems. For example, in the one-dimensionals1Dd integrable
systems, such as the harmonic chain and the monoatomic
Toda model, no temperature gradient can be set up. In some
1D nonintegrable systems, such as the Frenkel-Kontorova
sFKd model,2 the discretef4 model4 and the Lorentz model,5

the temperature gradient is uniform, and the heat conductiv-
ity k is a constant, being independent of system size, which
means these 1D systems still obey Fourier’s law. However,
in some other anharmonic 1D systems, like the Fermi-Pasta-
Ulam sFPUd b model,6,2 the diatomic Toda chain,7 or in 1D
hard-particle gases with alternating masses,7–9 the tempera-
ture gradient can be formed asdT/dx,L−1, and their k
scales ask,La, whereL is the system size anda.0. Re-
cently Wang and Li14 studied the anomalous thermal conduc-
tion in 1D polymer chains with a modeled Hamiltonian and
found three types of divergent exponenta in them that are
caused by different couplings between longitudinal and
transverse motions. Although a great deal of theoretical re-
search on the problem had been done in the past several
years, there exists right now still a lot of controversy about
the divergence behavior of the thermal conductance in low
dimensional systems, and many important and fundamental
questions in this field remain unsolved.

All these systems mentioned above seem to be far from
real physical materials. What will happen to the thermal con-
duction in a real low dimensional material? Will it follow
Fourier’s law or not? All of these problems not only stimu-
late fundamental research interests, but also have great po-
tential applications in the thermal conduction of nanomateri-

als. When the dimensions of electronic devices shrink to
nanoscale due to the fast progress in the present microelec-
tronic technology, the thermal conduction problem becomes
more and more important because a significant energy should
be dissipated in a much smaller, compact space. And the
divergence of the thermal conductance with the length in the
low dimensional materials promises the possibility of mak-
ing more outstanding heat dissipation nanomaterials, solving
the thermal dissipation problem coming from the miniatur-
ization of electronic and optical devices. So, it is very inter-
esting to study the heat conduction in a real 1D or quasi-1D
physical system.

Recently, carbon nanotubessCNTsd have attracted much
attention due to their remarkable electronic, thermal, and me-
chanical properties.15 The diameter of a typical nanotube
ranges from several to several tens angstroms, and that of the
smallest one is only 3 ÅsRef. 16d, while their lengths can be
severalmm, and even reach to several mm, being much
larger than their diameters. Thus a carbon nanotube can be
thought of as a very good 1D system. In fact, many experi-
ments and numerical simulations have found that the thermal
conductivity k of SWNTs is extremely high although there
exists a distribution of the obtainedk values. For example,
the observed room temperature thermal conductivity of
SWNT rope is about 1750–5800 W/mKsRef. 17d, and for
individual multiwalled carbon nanotubessMWNTsd, this
value is larger than 3000 W/mK.18 Using equilibrium and
nonequilibrium molecular dynamics simulations, recent nu-
merical simulations also give similar results. Berberet al.19

found that, for an isolateds10, 10d nanotube at room tem-
perature,k<6600 W/mK. Maruyama20 claimed thatk of s5,
5d nanotube diverges as a power law relation with the tube
length and got a rather smallerk value of about 150–500
W/mK for the s5, 5d tube. Zhang and Li21 studied three arm-
chair SWNTs, i.e.,s5, 5d, s10, 10d, and s15, 15d, and found
that theirk8s diverge as a power law, too, with theirk values
of about 700,2200 W/mK higher than that in Ref. 20. Yao
et al.22 also studied the same three armchair tubes and found
their k8s could diverge with their lengths and have the same
higherk value of about 400,2500 W/mK.

At the same time, a new type of carbon structure, carbon
nanowiressCNWsd23 have been discovered in the cathode
deposits prepared by hydrogen arc discharge evaporation of
carbon rods. The CNWs are made of extraordinarily long 1D

PHYSICAL REVIEW B 71, 115410s2005d

1098-0121/2005/71s11d/115410s7d/$23.00 ©2005 The American Physical Society115410-1



linear carbon chains consisting of more than 100 carbon at-
oms inserted into the innermost tubes7 Å diameterd of
MWNTs. The CNW can be considered as another good ex-
ample of the real 1D physical system. In this paper, we will
investigate in detail the heat conduction in the CNWs and
pay much of our attention to the divergence behavior of their
thermal conductivity.

In what follows we first introduce the model Hamiltonian
and calculation method. Then in Sec. III we give the main
numerical results and discuss the divergence of thermal con-
ductivity in the CNWs. The paper ends with some conclud-
ing remarks in Sec. IV.

II. MODEL

As is well known, a bare long carbon chain cannot be
stable, and so we suppose a chain of N carbon atoms with the
same massmc is inserted into a single-walled carbon nano-
tube. The interaction between chain atoms is simulated by
the Tersoff-Brenner bond order potential,24 and the interac-
tion between carbon chain and outside nanotube is described
by the Lennard-JonessLJd potential,

usxd = 4«F− Ss

x
D6

+ Ss

x
D12G . s1d

In our simulation,« and s are taken as 2.41 meV and
3.4 Å sRef. 25d, respectively. Then the Hamiltonian of the
chain system can be written as

H = o
i=1

N
pW i

2

2mi
+ 1

2 o
i,j=1

N

Vij + Ui , s2d

where

Vij = fcsrWijdfaij fRsrWijd + bij fAsrWijdg. s3d

Here, fcsrWijd is a cutoff function,fRsrWijd and fAsrWijd are two
Morse type functions which represent the attractive and re-
pulsive effects of the potential, respectively, andaij and bij
are two parameters describing bond order and bond angular
effects. Full details of the model potential are available in the
original paper of Tersoff and Brenner.24 Ui is external poten-
tial exerted by the outside nanotube.mi is the mass of chain
atoms, i.e., the carbon atom mass. For simplicity, we assume
the carbon atoms on the outside nanotube are distributed
continuously, which is well known as the continuum model
and is used in a lot of systems.26–37For example, based upon
the same idea, Girifalcoet al. developed a simple universal
graphitic potential in their paper.37 Now, following them, we
take the external potential as

Usrd = nsE usxddS, s4d

wherer andx represent the time-dependent distances of the
wire atom to tube axis and surface elementdS, respectively.
ns is the mean surface density of tube atoms. In the cylindri-
cal coordinates,Usrd can be expressed as

Usrd = nsE usxdrdudz, s5d

where

x = Îsr cosu − rd2 + r2 sin2 u + z2, s6d

r is the radius of the outside tube, andu andz are two other
cylinder coordinates ofdS.

Thus, whenr Þ0, the surface integral can be simplified to
give

Usrd = 3prns«F−
s6

s4rrd
5
2

I5 +
21

32

s12

s4rrd
11
2

I11G , s7d

where

In =E
0

p/2 dt

sa2 + sin2 tdn/2 ,

a2 =
sr − rd2

4rr
. s8d

Here,In is an integral related to the hypergeometric func-
tion, which can be made exactly in an expanded series, and
the obtained result is expressed as

In = p
2 b−nF1 + o

m=1

`
s2m− 1d!! s2m+ n − 2d!!

sn − 2d!! fs2md!! g2b2m G ,

b2 = a2 + 1 =
sr + rd2

4rr
. s9d

But whenb→1, i.e., r ,r, the summation in theIn will
converge very slowly. So, in that case, after using some al-
gebra techniques, a more efficient expression can be finally
obtained,

I2k+1 <H 1

s2k − 1d!!
S 2

a2Dk

o
m=0

k−1
fs2md!g2

fm!g3

sk − m− 1d!
2

Sa

4
D2m

+
s2k − 1d!!

s2kd!! J . s10d

This expression is an approximate one, but whena is
small enough, it can give the very accurate result ofIn, and
needs only to take a few terms in its summation. Thus com-
bining Eqs.s7d–s9d with Eq. s10d, we obtain an efficient ex-
ternal potential, representing in high precision the interaction
between the chain atoms and the outside tube.

In this work, we consider only armchair SWNTs5, 5d as
the outside tube because its radius is about 3.4 Å, which is
the closest to that of the innermost tube observed
experimentally.23 The average equilibrium distance between
the chain atoms is set to bea=1.84 Å, which means there are
four carbon atoms in three periods of the outside armchair
nanotube. We should mention that at present there areno
experimental dataabout the distance between carbon atoms
in the nanowire, which is so selected from thecommensura-
bility between both periods of nanowire and outside SWNT.
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In fact, we can choose differenta values to study their effects
on the thermal conduction of the CNW, which is beyond the
scope of the present investigation and will be left for future
study.

We determine the heat current in a temperature gradient
by the nonequilibrium molecular dynamics method. Two at-
oms at each end of the CNW are subject to heat baths atTL
and TH, respectively, which usually can be simulated by
Nosé-Hoover thermostats.38 The equations of motion for
these four atoms are written as

rẄi = − zLrẆi + fWi ,

rẄ j = − zRrẆ j + fW j , s11d

where f i is the force applied on thei th carbon atom. The
thermal variableszL andzR evolve according to the equations

żL,R =
1

QSoi

pW i
2

mi
− gkBTD ,

Q = gkBTt2. s12d

The number of degrees of freedom for particles in ther-
mostats is given byg=6, andt is the relaxation time of the
heat bath. The rest of the atoms follow the equations of mo-
tion

rẄi = fWi, i = 3,…,N − 2, s13d

and fixed boundary conditions are assumed for the zeroth
and sN+1dth atomshrW0;s0,0,0d ,rWN+1;f0,0,sN+1dagj.

We first use an eighth-order Runge-Kutta algorithm to
solve the ordinary differential equations, which provides
more accurate results than those of the usual fourth-order
Runge-Kutta algorithm. The time step is chosen from
h=0.01 to 0.05 in the unit of 0.035 267 ps. Typical total MD
steps are taken as 107 to 108, and, for comparison, we also
use the velocity Verlet algorithm39 in the same evolution.

The total heat flux can be expressed as follows:

JWstd =
d

dt
o

i

rWistd«istd, s14d

whererWistd is the time-dependent coordinate of the wire atom
i, and «istd is its total energy, which contains both of the

FIG. 1. The temperature profiles on the chain atTL=0.03 and
TR=0.025, with N=64 ssolid lined and 128sdash-dot linesd. The
averages are carried over a time interval of 104–105. The distance
between CNW atoms is 1.844 Å.sad Eighth-order Runge-Kutta al-
gorithm. sbd Velocity Verlet algorithm.

FIG. 2. Thermal conductivity of the CNW as a function of its
length.a0=1.844 Å.sad Linear-logrithm plot.sbd Log-log plot. The
solid lines insad and sbd are used for guiding eyes.
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kinetic and the potential energies. After introducing the force

on the atomi from atom j , i.e., FW i j =]«i /]rW j, the instanta-
neous local heat current per particle can be expressed as

JWstd = o
i

rẆi«i + o
i,j ,iÞ j

rWi jsFW i j · rẆid , s15d

whererWi j =rWi −rW j is the relative distance between atomsi and
j .

Because of the linear temperature distribution, the classi-
cal definition on the heat conductivity can be used, leading to

k = JN/sTL − TRd. s16d

When N→`, the above expression corresponds to the
coefficient of heat conductivity of the chain under tempera-
tureT=sTL+TRd /2. In our MD process,TL andTR are kept as
0.03 and 0.025, which correspond to real 348 K and 290 K in
practice, respectively.

The alternative way to calculate the heat conductivity of
the chain is based on the Green-Kubo formula,40

ks =
1

kBT2N
E

0

t

kJstdJs0dldt, s17d

where Jstd is defined in Eq.s14d. In our calculations, we
found that these two definitions always give almost equal
results.sThe difference between them never exceeds a few
percent.d

III. NUMERICAL RESULTS AND DISCUSSION

In Fig. 1 we show the temperature distribution on the
chain, calculated by both the eighth-order Runge-Kutta algo-
rithm fFig. 1sadg and the velocity Verlet algorithmfFig. 1sbdg.
It is seen from Figs. 1sad and 1sbd that the linear temperature
distribution can be obtained with both algorithms, but there
are still some small differences between them. The velocity
Verlet algorithm is a very efficient one, by which a very
smooth temperature distribution is obtained, but in this case,

the Nosé-Hoover boundary condition on the left end of the
chain with the higher temperature could not be well treated
unless the chain is long enough, which may result from the
sensitivity of this algorithm to the thermostat boundary con-
dition. So, we will mainly use the Runge-Kutta algorithm in
this work, and the velocity Verlet algorithm is used only as a
reference.

The calculated thermal conductivities of CNWs with dif-
ferent lengths are shown in Fig. 2, in which two types of
scales are shown, i.e., linear-logarithm and log-log scale.
Here we should explain our definition of the cross section of
CNW. The statistical radial distribution for the motion of
wire atoms along the direction perpendicular to the tube axis
is calculated, and the obtained result is given in Fig. 3, which
can be fitted byfsrd=A·r ·expf−sr /bd2g, with r the radial
distance to the tube axis. It is found that the parameterb is
equal to 0.151 Å, so the final cross section area for the heat
transport can be expressed as 4pb2.

FIG. 3. Statistical radial distribution for the motion of wire at-
oms perpendicular to the tube axis.

FIG. 4. The length dependence of thermal conductivity of the
perfect 1D carbon chain model.

FIG. 5. Heat flux autocorrelation function of CNW with 64
particles.
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Thus in this case, the thermal conductivityk is obtained
to be 142 W/mK,1323 W/mK, for the chain lengthL from
3 nm to 188 nm, which is very high. For comparison, it is
interesting to list thek value of the SWNTs with their
lengths in the same range, which is about 102 W/mK sRef.
20d, or about 102–103 W/mK.21,22 So, the thermal conduc-
tivity of CNW is at least comparable to that of the SWNTs,
not much smaller than that of the SWNT. For example, our
calculated thermal conductivity of the CNW with 512 atoms
is 1.23103 W/mK. But Zhang and Li21 got the correspond-
ing thermal conductivity of nearly 1.63103 W/mK for the
s5, 5d SWNT having 384 layers with a length that is the same
as that of the CNW, which is on the same order as our CNW
result.

Now we would like to ask a question. Which type of
divergence behavior does our CNW system follow? Power
law or logarithmic law? From Fig. 2 it is clearly seen that
when the system length is increased, thek doesnot show
completely a linear behavior in both of the linear-log and
log-log scales, making it difficult to justify which type of
divergent behavior, power or logarithmic law is suitable to
the CNW. But, comparing Fig. 2sad with Fig. 2sbd, we could

conclude that thek of the CNW prefers more the logarithmic
divergence than the power law, at least for the middle part of
the data from about 32 to 512 atoms. This demonstrates that
the divergence behavior of the CNW is different from that of
the SWNT, following the power law. Why logarithmic for
the CNW? We think it is just the transverse motions of the
carbon atoms on the CNW to relax its thermal conductance
divergence and lead it to deviate from the 1D power law
divergence.

In order to see more clearly the influence of the transverse
motion of the CNW, we have also studied the thermal con-
ductivity of perfect 1D carbon chains connected by the
Tersoff-Brenner bond order potential, in which their trans-
verse motions are not permitted. The initial equilibrium dis-
tance between their neighboring atoms is set to be 1.65 Å,
and their cross sections are determined as follows. As is well
known, the cutoff distance in the Tersoff-Brenner bond order
potential is about 2.0 Å, which can be approximately consid-
ered as an interaction range between two nearby carbon
chains. So, the cross section of a perfect 1D carbon chain can
be roughly estimated to be about 3.14 Å2. The length depen-
dence of the thermal conductivity is shown in Fig. 4. It is

FIG. 6. The final temperature distributions of 512 particles evolved from different initial temperature profiles.sad Low initial temperature.
sbd Linear initial temperature.scd High initial temperature.sdd Average ofsad, sbd, andscd.
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seen from Fig. 4 that thek diverges with chain length, as
k~Lb, with b<0.39±0.02, and itsk is about 212 W/m K–
511 W/m K, which is comparable with the result of CNW.

A comparison between the thermal conductivities of both
a 1D carbon chain and the quasi-1D CNW clearly show that
it is indeed the transverse motions of the carbon atoms on the
CNW that cause its logarithmic thermal conductance diver-
gence. We should emphasize that in real systems, the diver-
gence of thermal conductivity will not be as simple as that
found in the theoretical models such as the FPU model,
which probably rests with the aspect ratio of the system.

The heat flux autocorrelation function in the case of
N=64 is also calculated and shown in Fig. 5, from which it is
seen that after a very slow decay in about 9000 ps, the heat
flux autocorrelation function decreases to a small value. A
similar phenomenon has been observed by Yaoet al.,22

which can be understood by the fact that after a long enough
evolution, the final state has no relationship with the initial
state.

Finally, we will check the validity of the ensemble aver-
age in this low dimensional system. First, we compare those
evolutions starting from the different initial conditions. The
obtained results are shown in Fig. 6. Here the low or high
initial temperature means the initial temperature of every
atom on the chain is set to the lower or higher boundary
temperature, respectively. And the linear initial temperature
means the initial temperature of every atom is chosen based
upon a linear temperature distribution between the two
boundaries. All the distributions are calculated after a time
interval <23105.

At first sight, the four figures in Fig. 6 seem to be the
same. In fact there are only small differences between them,
which means our numerical results are reasonable, being in-
dependent of the initial conditions. However, it is seen from
Fig. 6 that Fig. 6sdd is the smoothest one, which means an
average over the other three can give a more reliable result,
just like averaging over a longer time interval. Thus, we can
improve our calculation efficiency by the following method.
Very different initial states are chosen first, from which the
system evolves, and after a period of evolution time, an av-
erage over the different system evolutions starting from the
different initial conditions can be made. This method can be
considered as a high efficient parallel algorithm, by which
the highest acceleration coefficient can be gained.

IV. CONCLUSION

In this paper, the heat conduction of a finite length carbon
chain inserted into as5, 5d SWNT has been studied by using
the nonequilibrium molecular dynamics method, in which
both longitudinal and transverse motions of the chain atoms
are permitted. The interaction between chain atoms and
nanotubes has been simulated by a continuous model for the
nanotube. It is found that the heat conduction of CNW does
not obey Fourier’s law, and its thermal conductivityk loga-
rithmically diverges with CNW lengthL ask, logsLd.
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